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ON THE IMPOSSIBILITY OF W 2p ESTIMATES FOR ELLIPTIC
EQUATIONS WITH PIECEWISE CONSTANT COEFFICIENTS
HONGJIE DONG AND DOYOON KIM
Abstract. In this paper, we present counterexamples showing that for any
p ∈ (1,∞), p 6= 2, there is a non-divergence form uniformly elliptic operator
with piecewise constant coefficients in R2 (constant on each quadrant in R2)
for which there is no W 2p estimate. The corresponding examples in the diver-
gence case are also discussed. One implication of these examples is that the
ranges of p are sharp in the recent results obtained in [4, 5] for non-divergence
type elliptic and parabolic equations in a half space with the Dirichlet or Neu-
mann boundary condition when the coefficients do not have any regularity in
a tangential direction.
1. Introduction and main results
We consider elliptic operators in non-divergence form
Lu = aijDiju,
where
δ|ξ|2 ≤ aijξiξj , |aij | ≤ δ−1, δ ∈ (0, 1]. (1.1)
The Lp-theory of second-order elliptic and parabolic equations with discontinu-
ous coefficients has been studied extensively in the last fifty years. In the special
case when the dimension d = 2, it is well known that theW 22 estimate holds for uni-
formly elliptic operators with general bounded and measurable coefficients. See, for
instance, [2, 20]. On the other hand, a celebrated counterexample in [19] and [15]
indicates that when d ≥ 3 in general there is no W 22 estimate for elliptic operators
with bounded measurable coefficients even if they are discontinuous only at a single
point. Another example due to Ural’tseva [21] (see also [12]) shows the impossibility
of the W 2p estimate when d ≥ 2 and p 6= 2. We note that in Ural’tseva’s example,
the coefficients are continuous except at a single point (d = 2) or a line (d = 3). In
[16], Nadirashvili showed that the weak uniqueness for martingale problems may
fail if coefficients are merely measurable and d ≥ 3. These examples imply that
in general there does not exist a solvability theory for uniformly elliptic operators
with bounded and measurable coefficients. Thus many efforts have been made to
treat particular types of discontinuous coefficients.
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In [3] Campanato extended the aforementioned result in [2, 20] to the case when
d = 2 and p is in a neighborhood of 2, the size of which depends on the ellipticity
constant δ. A corresponding result for parabolic equations can be found in [11].
By using explicit representation formulae, Lorenzi [13, 14] studied the W 22 and
W 2p , 1 < p < ∞, estimates for elliptic equations in Rd with coefficients which are
constant on each half space. See [18, 8] for similar results for parabolic equations,
and [9] for elliptic equations in Rd with leading coefficients discontinuous at finitely
many parallel hyperplanes. We also refer the reader to [10, 6, 12, 4, 5] and the
references therein for some recent developments for equations with coefficients only
measurable in some directions. In particular, it is proved in [4] that theW 2p estimate
holds for elliptic equations in a half space with the zero Dirichlet (or Neumann)
boundary condition when coefficients are only measurable in a tangential direction
to the boundary and p ∈ (1, 2] (or p ∈ [2,∞), respectively).
In this paper we focus our attention to elliptic equations with piecewise constant
coefficients in R2. In fact, the results in [14, 10] imply theW 2p , 1 < p <∞, estimate
for such equations if coefficients are constants on the upper half plane and another
constants on the lower half plane. On the other hand, as a special case of the results
in [4], we have the W 2p , 1 < p ≤ 2 (or 2 ≤ p < ∞), estimate for equations defined
in the upper half plane with the Dirichlet (or Neumann, respectively) boundary
condition if coefficients are constants on the first quadrant and another constants on
the second quadrant. In view of these results, it is then natural to ask the following
question: do we have theW 2p estimate for elliptic operators with piecewise constant
coefficients which are constant on each quadrant in R2? Note that this case is not
covered by any counterexamples mentioned above.
The objective of this paper is to give a negative answer to this question for any
p ∈ (1,∞) and p 6= 2. To the best of our knowledge, this result is new. By a
simple argument, our counterexamples are extended to Rd, d ≥ 3. For divergence
form equations, a similar estimate cannot be expected either due to an example by
Piccinini and Spagnolo [17]; see Remark 3.4 below. Regarding the weak uniqueness
of martingale problems, we note that Bass and Pardoux [1] proved well-posedness
for operators in Rd with piecewise constant coefficients.
As the main result of this paper, we give counterexamples to the statements
below. The first one is a kind of interior estimates.
Statement 1.1. For any u ∈ W 2p (R2),
‖D2u‖Lp(R2) ≤ N‖Lu‖Lp(R2) +N‖u‖Lp(R2),
where N is independent of u.
We set
Lµ = (1− µ)∆ + µL, µ ∈ [0, 1].
To find a unique solution u ∈W 2p (R2) to the equation Lu−λu = f in R2, where
f ∈ Lp(R2), usually one uses the method of continuity and the solvability of a
simple equation, for example, the Laplace equation. For the method of continuity,
we need the following a priori estimate. Note that Statement 1.2 clearly implies
Statement 1.1.
Statement 1.2. There exists λ > 0 such that, for any u ∈W 2p (R2) and µ ∈ [0, 1],
λ‖u‖Lp(R2) +
√
λ‖Du‖Lp(R2) + ‖D2u‖Lp(R2) ≤ N‖Lµu− λu‖Lp(R2),
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where N is independent of u and µ.
Here is our main result of this paper.
Theorem 1.3.
(i) For any p ∈ (2,∞), there exists an elliptic operator L in non-divergence
form with coefficients constant on each quadrant in R2 such that Statement
1.1 does not hold.
(ii) For any p ∈ (1, 2), there exists an elliptic operator L in non-divergence
form with coefficients constant on each quadrant in R2 such that Statement
1.2 does not hold.
Theorem 1.3 can be used to construct a counterexample for d ≥ 3 and p ∈ (1,∞),
p 6= 2. Indeed, we can proceed as follows when p ∈ (1, 2). If Statement 1.2 with Rd
in place of R2 were satisfied by the operator
Ld := L+∆d−2 =
2∑
i,j=1
aijDij +∆d−2,
where aij are from Theorem 1.3 (ii), then, for functions
vn(x) := u(x1, x2)ϕn(x3, . . . , xd),
where u ∈ W 2p (R2), we would have
‖ϕn‖Lp(Rd−2)
(
λ‖u‖Lp(R2) +
√
λ‖Du‖Lp(R2) + ‖D2u‖Lp(R2)
)
≤ N‖ϕn‖Lp(Rd−2)‖Lµu− λu‖Lp(R2) +N‖∆d−2ϕn‖Lp(Rd−2)‖u‖Lp(R2).
If we choose ϕn(x) to be
ϕn(x) = ϕ(x/n), ϕ ∈ C∞0 (Rd−3),
then dividing both sides of the above inequality by ‖ϕn‖Lp(Rd−2) and letting n →
∞, we would arrive at the estimate (1.2) for the operator L in R2, which is a
contradiction to Theorem 1.3 (ii). Similar argument applies to the case p ∈ (2,∞).
Remark 1.4. It follows from Theorem 1.3 (ii) that, for any p ∈ (1, 2) and λ ∈
(0,∞), there exists an elliptic operator L with coefficients constant on each quad-
rant in R2 and a number µ0 ∈ (0, 1] such that the following statement does not
hold: for any u ∈W 2p (R2),
λ‖u‖Lp(R2) +
√
λ‖Du‖Lp(R2) + ‖D2u‖Lp(R2) ≤ N‖Lµ0u− λu‖Lp(R2), (1.2)
where N is independent of u. To see this, for a given p ∈ (1, 2), take the elliptic
operator L with piecewise constant coefficients from Theorem 1.3 (ii). Then by
Theorem 1.3 (ii), for each positive integer k, one can find µk ∈ [0, 1] and uk ∈
W 2p (R
2) such that
λ‖uk‖Lp(R2) +
√
λ‖Duk‖Lp(R2) + ‖D2uk‖Lp(R2) > k‖Lµkuk − λuk‖Lp(R2). (1.3)
After taking a subsequence, we may assume that µk → µ0 as k → ∞ for some
µ0 ∈ [0, 1]. Suppose that (1.2) holds for this µ0 and any u ∈ W 2p (R2). Then for
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k > 2N sufficiently large such that |µk − µ0| ≤ 1/(2N), by the triangle inequality,
we have
λ‖u‖Lp(R2) +
√
λ‖Du‖Lp(R2) + ‖D2u‖Lp(R2)
≤ N‖Lµku− λu‖Lp(R2) +
1
2
‖D2u‖Lp(R2),
which contradicts with (1.3).
The remaining part of the paper is organized as follows. We give the proof of the
case when p ∈ (2,∞), in the next section. In Section 3, we treat elliptic equations
in divergence form. Finally, in Section 4 we prove Theorem 1.3 in the case p ∈ (1, 2)
by using the result in Section 3 and a duality argument.
2. Proof of Theorem 1.3 (i)
In this section we prove Theorem 1.3 (i) by constructing a sequence of {un} ⊂
W 2p (R
2), p > 2, such that the Lp-norms of Lun and un are uniformly bounded, but
those of D2un are unbounded.
First we give some notation and two key, but simple, lemmas which are used in
the rest of the paper. Set
Ωω = {(r cos θ, r sin θ) ∈ R2, 0 < r <∞, θ ∈ (0, ω)},
Ξ = {(x1, x2) ∈ R2, x1 > 0, x2 > 0},
R
2
+ = {x = (x1, x2) ∈ R2 : x1 > 0}.
In the sequel, we assume p ∈ (1,∞).
Lemma 2.1. Let ω ∈ (0, pi). Then there exists a linear transformation T from Ωω
to the first quadrant Ξ of R2.
Proof. Set T (x) = Ax, where x ∈ R2 and
A =
[
1 − cotω
0 1
]
.

In the lemma below we use the imaginary part of a holomorphic function, which
can also be found, for instance, in [7, Page x] as an example illustrating the loss of
smoothness at a corner point.
Lemma 2.2. For any p > 2, there exist a constant ω ∈ (pi/2, pi) and a function
v ∈W 22 (Bτ ∩Ωω) ∩ C∞loc(Ωω \ 0) such that
∆v = 0 in Ωω, v = 0 on ∂Ωω,
and v,Dv ∈ Lp(Bτ ∩ Ωω), but D2v /∈ Lp(Bτ ∩ Ωω) for any τ ∈ (0,∞).
Proof. For later reference in this paper, we give a proof here. For a given p > 2,
set
ω =
pip
2p− 2 ∈ (pi/2, pi), v(r, θ) = r
pi/ω sin
(pi
ω
θ
)
.
Then ∆v = 0 in Ωω and v = 0 on ∂Ωω. Moreover, we have
Dv ∼ rpi/ω−1, D2v ∼ rpi/ω−2.
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This shows that v,Dv ∈ Lp(Bτ ∩ Ωω), D2v /∈ Lp(Bτ ∩ Ωω), τ ∈ (0,∞). Indeed,∫
Bτ∩Ωω
|D2v|p dx dy ∼
∫ τ
0
rp(pi/ω−2)+1 dr =∞
since p(pi/ω − 2) + 1 = −1. 
Proof of Theorem 1.3 (i). Let η(r) be an infinitely differentiable function defined
in R such that
η(r) = 0 if r ≤ 0, η(r) = 1 if r ≥ 1.
Then set
ζn(x) = η (n(|x| − 1/n)) η(3 − |x|), n = 1, 2, . . . ,
which has the following properties.
ζn(x) =
{
0 if |x| ≤ 1/n or |x| ≥ 3,
1 if 2/n ≤ |x| ≤ 2,
|Dζn(x)| ≤ Nn, |D2ζn(x)| ≤ Nn2,
where N is a constant independent of n. For a given p > 2, take ω ∈ (pi/2, pi) and
v from Lemma 2.2, and set
vn(x) = v(x)ζn(x),
which satisfies vn ∈ W 2p (Ωω), vn = 0 on ∂Ωω, and
∆vn = 2(D1vD1ζn +D2vD2ζn) + v∆ζn =: hn
in Ωω. From direction calculations, we see that ‖vn‖Lp(Ωω) and ‖hn‖Lp(Ωω) are
uniformly bounded independent of n, but
‖D2vn‖pLp(Ωω) ∼ lnn→∞ (2.1)
as n→∞.
Now we repeat the argument in Remark 3.2 in [4]. By applying the linear
transform from Lemma 2.1 to the equation ∆vn = hn in Ωω, we obtain constant
coefficients aij and functions un ∈W 2p (Ξ), fn ∈ Lp(Ξ) satisfying
aijDijun = fn in Ξ, un = 0 on ∂Ξ.
Just for reference, here are the explicit values of the coefficients aij .[
aij
]
=
[
1 + cot2 ω − cotω
− cotω 1
]
.
Now we extend the equation into one defined in R2+ = {x ∈ R2 : x1 > 0} by using
odd / even extensions of un,fn, and the coefficients with respect x2. Precisely, set
u¯n(x1, x2) =
{
un(x1, x2), x2 > 0,
−un(x1,−x2), x2 < 0,
f¯n(x1, x2) =
{
fn(x1, x2), x2 > 0,
−fn(x1,−x2), x2 < 0,
and a¯11 = a¯11, a¯22 = a¯22,
a¯12 = a¯21(x1, x2) =
{
a12, x2 > 0,
−a12, x2 < 0.
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It then follows that u¯n ∈W 2p (R2+), f¯n ∈ Lp(R2+), and
a¯ijDij u¯n = f¯n in R
2
+, u¯ = 0 on ∂R
2
+.
Finally, we extend this equation to one defined in R2 using similar extensions (now
with respect to x1) as above so that we have u˜n ∈W 2p (R2), f˜n ∈ Lp(R2), and
a˜ijDij u˜n = f˜n in R
2.
However, by recalling (2.1) as well as the fact that the Lp-norms of vn and hn are
uniformly bounded independent of n, and keeping track of the extensions performed
to construct u˜n and f˜n, we conclude that there is no constant N satisfying the
inequality in Statement 1.1 for the sequence {u˜n} ⊂W 2p (R2) if L = a˜ijDij . 
Remark 2.3. Note that in the proof above the coefficients aii and a¯ii, i = 1, 2,
are extended only evenly. Thus the coefficients a˜ii, i = 1, 2, are constant functions
in R2. In particular, a˜22 = 1.
Remark 2.4. Considering u¯n and f¯n in the proof of Theorem 1.3 (i), it is clear
that, for any p ∈ (2,∞), there exists an elliptic operator L in non-divergence form
with coefficients constant on each quadrant in R2+ such that the following estimate,
which is a version of Statement 1.1 for R2+, does not hold: for any u ∈ W 2p (R2+)
with u = 0 on ∂R2+,
‖D2u‖Lp(R2+) ≤ N‖Lu‖Lp(R2+) +N‖u‖Lp(R2+),
where N is independent of u.
On the other hand, in [4] and [5], for p ∈ (1, 2], we obtained an estimate as in
Statement 1.2 for non-divergence type elliptic and parabolic equations in Rd+ with
the Dirichlet boundary condition when the coefficients do not have any regularity
in a tangential direction. This certainly includes the coefficients in the proof of
Theorem 1.3 (i). Therefore, the range of p in the results of [4, 5] for the Dirichlet
case is sharp. See also Remark 4.1 below for the Neumann case.
3. Divergence case
In this section we prove a version of Theorem 1.3 (i) for divergence type equations
with piecewise constant coefficients in R2, which serves as an important step toward
the second assertion of the main theorem (Theorem 1.3).
Set
Lu = Di(a
ijDju)
to be an operator in divergence form, where aij satisfy an ellipticity condition as
in (1.1).
Statement 3.1. For any u ∈ W 1p (R2), g = (g1, g2) ∈ Lp(R2), and f ∈ Lp(R2)
satisfying
Lu = Digi + f
in R2, we have
‖Du‖Lp(R2) ≤ N‖g‖Lp(R2) +N‖f‖Lp(R2) +N‖u‖Lp(R2),
where N is independent of u, g, and f .
Here is a version of Theorem 1.3 (i) for divergence type equations.
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Theorem 3.2. For any p ∈ (2,∞), there exists an elliptic operator L in divergence
form with coefficients constant on each quadrant in R2 such that Statement 3.1 does
not hold.
Proof. For a given p > 2, take u˜n ∈ W 2p (R2), f˜n ∈ Lp(R2), and the coefficients a˜ij
from the proof of Theorem 1.3 (i) above. We set vn := D2u˜n, gn := f˜n, and
a11 := a˜11, a22 := a˜22, a12 := 0, a21 := a˜12 + a˜21.
Then vn ∈W 1p (R2) and, by differentiating both sides of the equation a˜ijDij u˜n = f˜n
with respect to x2, we get
Di(a
ijDjvn) = D2gn in R
2.
Indeed,
D2
(
a˜11D11u˜n
)
+D2
(
a˜12D12u˜n
)
+D2
(
a˜21D21u˜n
)
+D2
(
a˜22D22u˜n
)
= D1(a
11D1vn) +D2
(
a21D1vn
)
+D2(a
22D2vn),
where we used the fact that a˜11 is constant in R2. See Remark 2.3. Then from the
proof of Theorem 1.3 (i) above, it is clear that there is no constant N satisfying the
inequality in Statement 3.1 for the sequence {vn} ⊂W 1p (R2) if L = Di(aijDj). 
Remark 3.3. Take u¯n and f¯n from the proof of Theorem 1.3 (i) and repeat the
proof of Theorem 3.2 with u¯n and f¯n in place of u˜n and f˜n. In particular, vn :=
D2u¯n ∈ W 1p (R2+) satisfies vn = 0 on ∂R2+ and
Di(a
ijDjvn) = D2gn in R
2
+,
where gn := f¯n. Then we see that that, for any p ∈ (2,∞), there exists an elliptic
operator L in divergence form with coefficients constant on each quadrant in R2+
such that the following estimate, which is a version of Statement 3.1 for R2+, does
not hold: for any u ∈ W 1p (R2+), g = (g1, g2) ∈ Lp(R2+), and f ∈ Lp(R2+) satisfying
u = 0 on ∂R2+ and Lu = Digi + f in R
2
+, we have
‖Du‖Lp(R2+) ≤ N‖g‖Lp(R2+) +N‖f‖Lp(R2+) +N‖u‖Lp(R2+),
where N is independent of u, g, and f .
Regarding W 1p estimates for divergence type equations, Piccinini and Spagnolo
[17, Example 2] gave a counterexample for equations with symmetric piecewise
constant coefficients when p > 2. To popularize this example, we present it in
Remark 3.4 below.
Remark 3.4. Let 0 < θ0 < pi/2, ν =
4
pi θ0, K = 1/ tan
2 θ0, and define
a(θ) =


1 for 0 ≤ θ < pi
2
, pi ≤ θ < 3
2
pi,
K for
pi
2
≤ θ < pi, 3
2
pi ≤ θ < 2pi,
and
u(x) = u(r, θ) = rνw(θ),
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where
w(θ) =


sin
(
ν
(
θ − pi
4
))
for 0 ≤ θ < pi
2
,
1√
K
cos
(
ν
(
θ − 3
4
pi
))
for
pi
2
≤ θ < pi,
− sin
(
ν
(
θ − 5
4
pi
))
for pi ≤ θ < 3
2
pi,
− 1√
K
cos
(
ν
(
θ − 7
4
pi
))
for
3
2
pi ≤ θ < 2pi.
Then one can check that u ∈W 12 (BR) and
Lu :=
2∑
i=1
Di (a(θ)Diu) = 0
in BR for any R > 0. On the other hand,
Du /∈W 1p (BR)
unless p < 21−ν ∈ (2,∞). If K → ∞, then ν → 0 and 21−ν → 2. Therefore, by
multiplying a cutoff function we obtain a counterexample to W 1p estimates (or an
estimate as in Statement 3.1) for divergence type equations.
4. Proof of Theorem 1.3 (ii)
Proof of Theorem 1.3 (ii). We prove by contradiction. For a given p ∈ (1, 2), let
L = Di(a
ijDj) be the divergence type operator from Theorem 3.2 corresponding
to q = p/(p− 1) > 2. Keep in mind that the coefficients a11 and a22 are constant
and a22 = 1. That is,
L = D1(a
11D1) +D2(a
21D1) +D
2
2.
To get a contradiction, suppose that the non-divergence type operator
L := a11D21 + a21D12 +D22
satisfies Statement 1.2 with some λ > 0. Then by the method of continuity, for any
f ∈ Lp(R2), there is a unique solution u ∈W 2p (R2) satisfying
Lu − λu = f in R2
and
λ‖u‖Lp(R2) +
√
λ‖Du‖Lp(R2) + ‖D2u‖Lp(R2) ≤ N‖f‖Lp(R2),
where N is independent of u. It is easily seen that v := D1u ∈ W 1p (R2) satisfies
the divergence form equation
L
∗v − λv = D1(a11D1v) +D1(a21D2v) +D22v − λv = D1f (4.1)
in R2. Furthermore, we have
√
λ‖v‖Lp(R2) + ‖Dv‖Lp(R2) ≤ N‖f‖Lp(R2). (4.2)
Now we take vn ∈ W 1q (R2) and gn ∈ Lq(R2) from the proof of Theorem 3.2
corresponding to q ∈ (2,∞). They satisfy
Lvn = D2gn in R
2. (4.3)
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Then from the equations (4.1), (4.3), and the estimate (4.2), we get∫
R2
fD1vn dx =
∫
R2
(
a11D1vnD1v + a
21D1vnD2v +D2vnD2v + λvnv
)
dx
=
∫
R2
(gnD2v + λvnv) dx ≤ N‖f‖Lp(R2)
(
‖gn‖Lq(R2) +
√
λ‖vn‖Lq(R2)
)
.
This implies
‖D1vn‖Lq(R2) ≤ N‖gn‖Lq(R2) +N‖vn‖Lq(R2),
where N is independent of n. This is, however, impossible from the construction
of vn and gn, thus a contradiction. 
Remark 4.1. When p ∈ (1, 2), consider a version of Statement 1.2 for non-
divergence type equations in R2+ with the zero Neumann boundary condition: there
exists λ > 0 such that, for any µ ∈ [0, 1] and u ∈ W 2p (R2+) with D1u = 0 on ∂R2+,
λ‖u‖Lp(R2+) +
√
λ‖Du‖Lp(R2+) + ‖D
2u‖Lp(R2+) ≤ N‖Lµu− λu‖Lp(R2+), (4.4)
where N is independent of u and µ. If we follow the proof of Theorem 1.3 (ii) with
the statements in Remark 3.3, then we see that, for a given p ∈ (1, 2), there is an
operator L in non-divergence form with coefficients constant on each quadrant in
R
2
+ such that the estimate (4.4) does not hold.
On the other hand, in [4] and [5], for p ≥ 2 we obtained the estimate (4.4)
for non-divergence form elliptic and parabolic operators in Rd+ with the Neumann
boundary condition when the coefficients have no regularity assumptions in a tan-
gential direction. This includes the operator L having piecewise constant coeffi-
cients. Therefore, the range of p in the results of [4, 5] for the Neumann case is
sharp.
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